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ABSTRACT 
In the paper, an important tool from fixed point theory, the Banach contraction principle, is 
extended tothe more general setting where the spaces are Hausdorff locally convex and sequentially 
complete with calibrations Fand the maps are not necessarily F-continuous. Applications are given 
for F-strictly pseudo-contractive maps. 
1. INTRODUCTION 
Fundamental in fixed point theory is the Banach contraction principle (see 
e .g . J .  Dugundji and A. Granas [3]). Various fixed point theorems in the cases 
when the maps considered are not contractive but continuous are proved by 
G. Hardy and T. Rogers [5] and K. Goebel, W.A. Kirk and T.N. Shimi [4], 
and when they are non-contractive and discontinuous - R. Kannan [7] and 
L.G. Nova [10]. In this paper, fixed point theorems are given for non-F- 
contractive and F-discontinuous maps in a Hausdorff  locally convex and 
sequentially complete space E with calibration F. Theorems 3.3-3.5 and the 
proofs presented here are new and differ from those given by the above- 
mentioned authors (see Sections 3 and 4). In the statement of our results we 
have not imposed the restrictions that f is F-continuous or E is metric. As 
follows from the present examples and discussion (see Section 5), our results 
concern a class of maps greater than those studied by G. Hardy and T. Rogers 
[5], K. Goebel, W.A. Kirk and T.N. Shimi [4], R. Kannan [7] and L.G. Nova 
[10]. Applications are given for F-strictly pseudo-contractive maps (see Section 
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6). These applications differ from the results given by F.E. Browder [1], F.E. 
Browder and W.V. Petryshyn [2], T.L. Hayden and T.J. Suffridge [6] and 
W.A. Kirk [8] for pseudo-contractive maps in Hilbert and Banach spaces, 
respectively. 
2. NOTATIONS AND FORMULATION OF THE PROBLEM 
Throughout the paper, E will denote a Hausdorff  locally convex and 
sequentially complete topological vector space (in short, lcscs) over the field IK 
(equal ~ or C) with calibration F. By the terminology of R.T. Moore [9], a 
calibration F for E means a collection of continuous emi-norms p on E which 
induce the topology of E. 
The purpose of this note is to establish various conditions on A andf to  solve 
the following problem: 
Let a subset A of E and a map f :  A~E satisfy 
p( f  (x) - f (y) ) < app(x- y) + bpp(x- f (x) ) + Cpp(y - f (y) ) 
(2. 1) 
+ dpp(X-f(y)) + epp(y -f(x)) 
for all x, y e A and p e F with ap, bp, Cp, dp, el, >_ O, p ~ F. Does f have a fixed 
point? 
It should be noted that if 0<ap<l ,  bp=cp=dp=ep=O, peF ,  then f i s  a 
F-contraction, and thus, F-continuous. In general, a mapfwh ich  satisfies (2.1) 
is not F-continuous and the space E is not metric. 
3. STATEMENT OF OUR MAIN RESULTS 
DEFINITION 3.1. Let F 0 C F, Fo ~e {0}. A subset A of E is said to be of type F 0 
with respect o xo~A if the inequality 
p(y)<_p(x) 
for some x e A - x 0 and for all p ~ F0 implies y ~ A - x 0. 
EXAMPLE 3.2. The sets {x:p(x-xo)<_~.} and {x:p(x -xo)<X},peF ,  Jr>0, 
are of type {p} with respect o x0. If A 1, A2, ... are of type F0 with respect 
to xo~AlOA2 N .... then A1UAzt.J... and Alf"IA2N... are of type Fo with 
respect o x0. Each set type Fo with respect o Xo = 0 is balanced. 
THEOREM 3.3. Let E be an lcscs with calibration F; let A be a subset of E and 
let f :  A---,E. Assume that A is of type F o, FoCF, with respect o xo~A, f 
satisfies (2.1) for ap, bp, cp, dp, ep>O, p~F, such that 
(3.1) ap+bp+cp+2dp<l for peF ,  




1-ap-bp-cp-  2dp 
f (xo) -)Co e (A - Xo) for p e Fo. 
1 
f 1 -ap -  bp-cp-  2ep 
(3.2') (Xo)-Xoe 1 -bp-ep  (A -Xo) for pEFo. ) 
Then fn(xo)'-+u and u is a fixed point of f in A which is unique if 
(3.3) ap+dp+ep<l for peF .  
THEOREM 3.4. Assume that E is an lcscs with calibration F, A is a subset of 
E, and f :A--,E. If there exist xoeA and ap, bp, cp, dp, ep>_O, peF,  such that 
ap+bp+Cp+2dp<l for peF ,  
(ap+bp+cp+2ep<l for p eF,)  
the set 
B= ~ Ix:p(x_xo)< - 1-Cp-dp t 
per 1 - ap - bp- Cp - 2dp P(f  (xo) - Xo) 
p~ r 1 - ap - bp - cp - 2ep p( f  (xo) - Xo) 
is contained in A and f satisfies (2.1) for all x and y in B for peF ,  then 
fn(xo)--+u and u is a fixed point of f in B. Moreover, if (3.3) holds, then u 
is a unique fixed point of f in B. 
THEOREM 3.5. Assume that E is a lcscs with calibration F, A is a closed 
subset of E, and f :A -+A.  I f  there exist ap, bp, Cp, dmep>_O , peF,  such that 
(3.1) ((3.1 ')) holds and (2.1) holds for all x and y in A and for all peF ,  then, 
for xoeA, we have f"(xo)-+u and u is a fixed point o f f  in A. Moreover, if 
(3.3) holds, then f has a unique fixed point u in A, and fn(xo)-+u for each 
xo ~A. 
4. PROOFS 
Proof of 3.3. Suppose that (3.1) and (3.2) hold. Let {fn(xo) } denote a 
sequence of Picard iterates and let f°(xo)=x0. 
We have fn(xo)eA , n e ~q. Indeed, the case n= 1 follows from the Defi- 
nition 3.1 since A-:Co is balanced and 
i 
<1 forpeF  o. 
213 
Let now 1 < n < m. Then from (2.1), if x=f  n- l(x 0) and y =fn(xo), we calculate 
(4.1) 
ap+bp+dp 
p[f" + I(Xo) -- fn(Xo)] <- 7-- c---~- d'~ P[fn(xo) _ fn- l(xo) ] 
/a.+b.+d."," 
<- 1~- ~---~-7~! ptf(xo)-Xo], p~r. \ ~-Cp-ap /
Hence we find 
(4.2) 
f p[fm+~(Xo)--xol<-- ~ p[f'+~(Xo)--f(Xo)] 
n=O 
1 
< 1-ap-bp---%- 2dp p[f(xo)-Xo],peF. 
This shows, by Definition 3.1 and since (3.2) holds for all p eFo, that 
fro+ l(Xo) eA. This finishes the proof. 
{fn(x0) } is a Cauchy sequence. In fact, if n<m, n, meN, then, by (2.t), 
(4.3) 
f pLfm(xo)_fn(xo) l < ~ p[fk(Xo)_fk-l(XO) ] k=n+l 
<(ap+bp+dp'~ n 1-cp-dp 
- \  i---~p-~ / 1-apZ-g--%r-2do pLf(x°)-x°]'p~F" 
Denoting by u the limit of {fn(x~)} and using (4.2), we get 
1-¢p-ap 
p(u - Xo) <-- P[f(xo) - Xo], P e F. 1-ap-Op-cp- 2dp 
Thus u ~A. 
Next, we shall show that f(u)= u. Inequalities (4.3) yield 
(4.4) 
f pIu-fn(xo) ] <_ 
.<(ap+bpWdp~ n 1-cp-dp 
- \ -{Z__c--ff-----_dp ,/ l _a;S g -  ~p_ 2dp P[f(xo)- Xo], P e F" 
On the other hand, from (2.1) (with x=f'(xo) and y = u) and (4.1) we obtain 
(4.5) 
r 
p[f(u)-f"+ l(xo)l <_ 
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• ctp p[u- y"(xo)l cp + ep < + p[u - f "+ l(xo)] + -1 -  - 1-cp-dp 
+ 1-%-dp \ 1-cp-ap/ ptf(xo)-xol, PeV. 
By combining (4.4) with (4.5) we shall prove that the sequence {fn(xo) } con- 
verges to f(u). But 
p[f(u) - u] < p[f(u) - fn(Xo)] + ptu - fn(Xo) 1, p ~ 1". 
This implies f (u) = u. 
Moreover, if f(o) = o for some o cA, then inequalities (2.1) imply 
p(o - u) = p[f(o) - f (u) l  -< (ap +dp + ep)p(o - u), p ~ F. 
Using (3.3), we conclude that o =u. 
In the case when (3.1') and (3.2') hold, the proof is analogous and will be 
omitted. 
Proof of 3.4. Proceeding analogously as in the above considerations, we 
prove that f (Xo)eB,  ne  N, {P(x0)} is a Cauchy sequence and i f f (xo) - ,u ,  
then u e B and f(u) = u. 
Proof of 3.5. It is a modification of the proof of 3.4 and will be omitted. 
5. EXAMPLES AND COMPARISON OF OUR MAIN RESULTS WITH THOSE OF HARDY- 
ROGERS, GOEBEL-KIRK-SHIMI, KANNAN AND NOVA 
S. Banach established that if (M,/~) is a complete metric space, then any 
contraction map f :  M~M has a unique fixed point x and the sequence of 
Picard iterates {fn(y)} converges to x for each y e M. The above Banach con- 
traction principle was generalized in distinct ways (a good bibliography can be 
found in the paper by B.E. Rhoades [11]). Some of such generalizations were 
developed by G. Hardy and T. Rogers [5] and K. Goebel, W.A. Kirk and T.N. 
Shimi [4] and may be described as follows. 
THEOREM 5.6 (Hardy-Rogers [5]). Let (M, g) be a complete metric space and 
f :  M---,M a continuous map satisfying, for x, y~M,  
(5.1) 
f 
~!//(f(x), f(y)) _<_ al/t(x, y) + a2/~(x , f(x)) + a31.t(y , fO')) 
+ a4/.t(x, f(y)) + a5/t(y, f(x)) 
where ai > _O, 
(5.2) a~+a2+a3+a4+a5<l. 
Then f has a unique fixed point in M. 
THEOREM 5.7. (Goebel-Kirk-Shimi [4]). Let X be a uniformly convex Banach 
space, K a non-empty bounded closed and convex subset of X, and f :  K~K 
is continuous map satisfying, for x; y ~K, 
(5.3) f I l f(x)-f(Y)~<-alUx-y~+a2llx-f(x)~+a3[lY-f(Y)[I + a4tl x fO, )  II + a5 IlY-f(x) [I 
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where ai>_ 0, 
(5.4) al+a2+a3+a4+as<_l. 
Then f has a fixed point in K. 
In Banach spaces, the previous results in this direction were established by 
R. Kannan [7], and more recently, by L.G. Nova [10]. In each of these papers 
it was not assumed that the maps are continuous. 
The results of R. Kannan [7] concern the fxed points of maps f :  X- ,X ,  
X - a Banach space, such that 
[1 f(x) - f(y)II <- b[ I] x- f  (x)II + IlY -f(Y)II1 
for all x, y in X, where 0 < b < 1/2. 
THEOREM 5.8 (Nova [10]). Let K be a closed subset of a Banach space X. If 
f :  K - ,K  satisfies 
[If(x) -f(Y)II <-a[lx- yll + b[l lx- f(x)[I + Ily- f(y)lt] 
for all x, y in K and for some a,b>_O such that 
a+2b< 1, 
then f has a unique fixed point in K. 
EXAMPLE 5.9. The discontinuous map f ,  
f - 1/2, x~A I f(x) = 1/2, xEA 2 
A1 = ( -  1,0), A2=(0 , 1), satisfies the assumptions of Theorem 3.3 but does 
not satisfy any of the assumptions of the theorems of Hardy-Rogers [5], 
Goebel-Kirk-Shimi [4], Kannan [7] and Nova [10]. 
Indeed, if 
al=a2=a3=O, a4 = 1/4 and a5=7/4,  
then 
a 1 + a 2 + a 3 + 2a 4 < 1 (equivalently, (a 1 + a z + a4)/(1 - a 3 - a4) < 1), 
f satisfies (2.1), i.e. 
since 
If(x) - f (y ) ]  < 1~4Ix - f  (y)[ + 7/4Iy - f (x)[ ,  x, y e ( - 1, 1 ), 
1 = If(x) - f (Y) l  < 1 /4tx -  1/21 + 7/4]y + 1/2t, 
I x -  1/21 ~ 1/2, ly+ 1/21 _> 1/2 
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for xEA1, YeA2 and 
1 = if(x) - f (y ) [ _  1 /4[x+ 1/2 t + 7/41Y-  1/2[, 
Ix+ 1/2 t _ 1/2, lY- 1/21-1/2 
for x e A2, Y ~ A 1, and (here x 0 = 0) 
1 - a l  - a2 -  a3  - 2a4 
f (0)  = - ½ e 
1 -a3 -a  4 
Thus f satisfies the assumptions of  Theorem 3.3. 
But f is discontinuous and does not satisfy the condit ions 
; i f(x) - f (y ) [  < a~lx-y[ + azlx-f(x) [+ a3]y -f(y)] 
(5.5) 
+ a4lx-f(y)l + as[Y - f (x ) [ ,  
x ,y~ ( -  1, 1), and 
(5.6) al+a2+a3+a4+as<1 (or __1). 
In fact,  if x=0,  y= 1/10, then (5.5) is of  the form 
(5.7) 1 _< 1/10al + 1/2a2+4/lOa3+ 1/2a4+6/lOa 5.
From this we conclude that 
(5.8) al+a2+a3+a4+as>l. 
Assume the contrary,  i.e. 
(5.9) al+az+a3+a4+as<_l. 
Then one can verify that (5.7) and (5.9) imply 
10(a 1 + a2 + a 3 + a 4 + a 5) < a 1 + 5a 2 + 4a 3 + 5a 4 + 6a 5 , 
and so, 
- z (  1 ,1 )=( - :  2 ( - 1, 1) - 3 - "~,-D. 
9a t + 5a2+ 6a3 + 5a4 + 4a5 < 0, 
a contradict ion. F rom this we have that (5.8) holds. 
Let us notice here that assuming, for instance, 
al=a2=a3=O, a4=5/3 ,  a5=1/3  
and mak ing use of  (3.1') and (3.2'), we obtain assertions analogous to those 
above. 
Also, f does not satisfy the condit ions 
(5.10) If(x) -f(Y)I <alx-Yt  + b[[x-f(x)[ + ly-fO')t], 
x, y ~ ( - 1,1 ), and a + 2b < 1 (or < 1). In fact, if x = 0, y = 1/10, then (5.10) is 
of  the form 1 < 1/ lOa + (1/2 + 4/10)b. F rom this we conclude that a + 2b > 1. 
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EXAMPLE 5.10. Let E= C N = C × C ×.. .  be non-normable complex Hausdorff  
locally convex and sequentially complete space with calibration F= PU Q where 
P = {P l ,  P2  . . . .  },  Q = {ql, q2 . . . .  },  
Pn(X)=[Re {Xn}], qn(x)=llm {xn}[, n~N,  x=(x l ,x  2 .... )EE. 
Define 
A={x~E:  pt(x)< 1}. 
Obviously, A is of type 1"o = {Pt} with respect o xo=O and open (also un- 
bounded and balanced). 
Let c n ~ C, n = 2, 3, ... be arbitrary and fixed and let f :  A ~E be a map of the 
form 
where 
f (x) = ( f  l (x), f 2(x), f 3(x), ...) 
I - 1/2, - 1 <Re {XI} --<0 f l(X)= 1/2, 0<Re {x l}<l ,  
f,(x)=cn+(1/2)Xn, n=2,3  .. . . .  
Using Example 5.9, we have that f satisfies (2.1) and (3.1) for 
ap=bp=Cp=O, dp=l/4, e,, =7/4, 
aqt = b ql = Cql = dq, = eq, = O, 
apn= 1/2, bpo=Cp=apn=epo=O, 
aqn= l/2, bq =Cq =dq =eq =O, 
Also, (3.2) holds since 
f (O)  = ( -- ½, C2, C 3 . . . .  ) 
n =2, 3 ..... 
n = 2, 3 . . . . .  
l =apt- bpt-Cpt- 2dp, 
A=¢A.  1-cp-dp, 
In virtue of Theorem 3.3, the sequence {f (0)}  converges to a fixed point u 
of f in A. We have 
1 1 
fn(0)=(- -½,(1+½+ "" + 2--~_1)C2,(1+½+ "" + ~-2-i)C3 .... ) ,  
n = 2, 3,... .  
Consequently, 
U = ( -- ½, 2C 2, 2c 3 .... ). 
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In this example, the inequalities 
apo+b;n+cpn+2dpo<l and aqn+bq+cqo+2dq<l for all neN 
are possible, while 
apn+bpn+cp +dp +epn<l and aq +bq°+cq +dqo+eqo<l 
for all n ~ N are not. 
EXAMPLE 5.1 1. We prove that the continuous map f ,  
f 
- 1/4, x~A l
f(x)= x , x~A2 
3/4, x~A3, 
A 1 = ( - 1, - 1/4), A 2 = ( - 1/4, 3/4) ,  A 3 = (3/4, 1 >, satisfies the assumptions 
of Theorem 3.5. Moreover, analogously as in Example 5.9, we show that f 
satisfies (5.5) where 
al+az+a3 +2a4< 1 (5.11) 
or  
(5.12) a I +a2+a3+2a5< 1 








a I =a2=a3=O,  a4= 1/3 and a5=2/3 
al =a2=a3 =0, a4=2/3 and as= 1/3. 
if(x) - f(Y)[ -< a4[x - f(Y)l + asl y - f (x )  [ 
for all x, y ~ ( - 1, 1 ) holds. 
Indeed, if x, yEA2, then 
Ix- yl <-a, Jx- yl + asly- xl. 
I f  x~A3, Y~A2, then 
[3/4- yl <-a4lx- y[ + asiy- 3/4] since Ix- yl =x-  y>_3/4- y. 
I f  xeAz,  yeA 3, then 
Ix- 3/4[ <-a, lx- 3/41 + asly-xl since ly- xi = y-x>-3/4-x .  
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If x~A 1, y~A 3, then 
1 < a41x - 3/41 + 451 y + 1/41 since Ix -  3/41 - 1, lY + 1/4t >- 1. 
If xEA 3, yeA~,  then 
1 <_ a4tx+ 1/41 + asly- 3/41 since Ix+ 1/41 >-- 1, LY- 3/4t >- 1. 
If xeA 1, y~A 2, then 
]- 1/4-Yl  <<-a4]x-Yl +aslY+ 1/41 since Ix-y] = -x  + y>_ 1/4 +y. 
If xeA 2, yeA 1, then 
Ix+ 1/41<__a4]x+ 1/41 +a51y-x[ since l y -x l  = -y+x>__ 1/4+x. 
But if x= -1 /4 ,  y= 3/4, then (5.5) implies 
(5.16) 1<_41+a4+a5. 
Thus, in virtue of Theorem 3.5, we have that, for all x0e( -1 ,1 ) ,  the 
sequence {f'(x0)} converges to some fixed point u of f in ( -  1, 1). Also, 
(5.11)-(5.13) follow from (5.14)-(5.16). 
6. APPLICATIONS 
DEFINITION 6.12. A map f :  A ~E,  A C E, is called F-strictly pseudo-contrac- 
tive if, for any p e F, 0 < k < 1 and 0 < 2 < 1/k, the inequality 
(6.1) p[(I E-  2f)(x) - ( I~- 2f)(y)] >_ (1 - 2k)p(x-y) 
holds for all x, y cA.  
THEOREM 6.13. Let E be an lcscs with calibration F, let A be a subset of E 
and let f :  A---,E. Assume that one of the following cases holds: 
a) A is of type F o, FoCF, with respect o xo~A, f is F-strictly pseudo- 
contractive and 
(1  - 2)A C(I E-  2 f)(A) (6.2) 
and 
(6.3) (1 - 2)(I E-  2f)  -l(x0) -x0e  2(1 - k)(1 - 2k)(A -Xo) 
for some 0<2,  k<l ,  
b) A is closed and balanced, f is F-strictly pseudo-contractive and 
(1 - 2)A C ( IE-2f)(A) 
for some 0 < 2 < 1, 
c) A is convex and absorbing, 0~ Int (A), f i s  F-strictly pseudo-contractive 
and 
(6.4) (I -2o)AC( IE -2f ) (A)  
for some 0 < 20 < 2 < 1. 
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In cases a) and b), the map f has a unique fixed point in A and, in case c), 
the map f has a unique fixed point in / ] .  
PROOF. a) Let fz=(1  -2 ) ( IE -2 f )  - I  and A~=(1-2)A .  Then,  by (6.1) and 
(6.2), we have f~ :A~Az  and 
p[f~(x) - f~  (y)] -< (1 - 2)/(1 - 2k)p(x-y) 
for all x, y~Aa and p~F. Since (6.3) holds, by Theorem 3.3, the map f~ has 
a unique fixed point  of the form w=(1 -,~)x~Az where x~A. Thus f(x)=x 
and x is unique. 
b) Then A,~CA and the map f~ :Az---,Ax satisfy the assumptions of 
Theorem 3.5. 
c) We have Int (A) = {x :pA(X)< 1}, ..~ = {X :PA(X)<--- 1} and Int (A )CA CA 
where PA is the gauge of A. Consequently,  
(1 -2 ) .4  C (1 -20)  Int (A )C(1 -20)A  
and, by (6.4) 
(1 --)O(IE--)~f)-l[(l -- ).)AI C (1 - 2)A C (1 -2 )A .  
In virtue of Theorem 3.5, the map (1 - ,;t)(I E -  2 f )  - 1 has a unique fixed point 
in (1 - A),,~, which implies f(x)=x for the unique x~A.  
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